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Allostery, the modulation of function of a protein at one site by the binding of a ligand at a different site, is a
property of many proteins. Two kinetically distinct models have been proposed: i) The induced fit model in
which the ligand binds to the protein and then induces the conformational change. ii) The population
selection model, in which the protein spontaneously undergoes a conformational change, which is then
‘captured’ by the ligand. Using measured kinetic constants for the lac repressor the contribution of population
selection vs. induced dissociation is quantified by simulating the kinetics of allostery. At very low inducer
concentration, both mechanisms contribute significantly. Total induction, though, is small under these
conditions. At increasing levels of induction the induced dissociation mechanism soon dominates, first due to
binding of one inducer, and then from two inducers binding.

© 2011 Elsevier B.V. All rights reserved.

1. Introduction

Allostery, the modulation of the function of a protein at one site by
the binding of a ligand at a different site, is a property of many pro-
teins. Allostery is a key element of gene regulation, enzyme regula-
tion, switching, signal transduction and many other regulation events.
It has become clear that conformational switching and allostery is also
an important property of many RNA molecules [1]. The importance of
allosteric regulation, and linkage and allostery are illustrated by their
frequent recurrence as themes at the Gibbs Conferences on Biother-
modynamics. In the now classic Monod-Wyman-Changeux (MWC)
model for allostery [2], the protein exists in two states, denoted P and
P*. A ligand (L) binds to P, then there is a conformational change or
induced fit to form LP*, with a resultant change in protein activity or
function. This conceptual framework has been applied to many
proteins, including the lac inducer-repressor-operator system [3-8].
Here the ligand is an inducer (I) and the function it modulates is the
affinity of the repressor (R) for the operator (O), which in turn con-
trols expression of the genes downstream from the operator. This
repressor has been the paradigm for studying prokaryotic transcrip-
tional regulation since the pioneering work of Jacob and Monod in
1961 [9]. Moreover, applications of the lac operon to non-bacterial
systems have highlighted its use as a regulator of desired genes in vivo.
The switch of the lac operon has been used to regulate expression of
target genes in mammals [10,11], stem cells [12], and breast cancer
lines [13]. The potential use of this molecular switch in gene therapy is
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promising, illustrated by the integration of this molecular switch into
mice. [10]. The lac repressor is also an important system for studying
the structural basis for sequence specific recognition of DNA in the
context of the classical helix-turn-helix motif [7]. The thermody-
namic and kinetic properties of the lac inducer-repressor-operator
system have also been extensively studied, [3,4,14-18], which
includes work presented at several Gibbs conferences [6]. Analysis
of this biothermodynamic data can provide insights into how the lac
operon functions as a genetic switch.

Models of allostery have three irreducible features. The first is a
minimum of two functionally different states of the protein (or RNA).
These may each consist of underlying substates — see below - as long
as the ‘activity’ of the ensemble average forming P differs from that
for P*. Second, there must be a more favorable free energy of ligand
binding to P* vs. P, in order to drive the conformational switching.
Finally, the P* state(s) have a higher (average) free energy than the P
state(s), i.e. the absence of effector, P is the prevalent form. This last
is implied otherwise one wouldn't need the effector to shift the
equilibrium to P* in the first place. The energetic price of conforma-
tional switching to the higher free energy form comes from the ligand
binding energy.

The original MWC insight that allosteric effects are transmitted by
a conformational change has been broadened in several ways. More
nuanced descriptions of allostery incorporate the fact that proteins
are dynamic, so each ‘state’ is typically an ensemble of sub-states [19].
These sub-states will be populated according to the Boltzmann
distribution and impart a significant conformational entropy to the
protein. Allosteric effectors can act by binding preferentially to more
than one sub-state. Re-establishment of the equilibrium Boltzmann
distribution involves a shift in the population distribution [20]. The
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basic principle is the same as in original MWC model: There must be at
least two functionally different states, but there may well be more.
The fact that proteins have considerable conformational entropy
led to the idea that the effector could work by narrowing the confor-
mational spread of states without changing the mean structure. This is
known as allostery without conformational change [21]. In this model
the prevalent, effector-free, form P has a lower free energy than P* due
to its greater conformational entropy. When the ligand binds to form
LP* the protein has a reduced conformational entropy. At a thermo-
dynamic level this model retains the basic MWC principle: The cost of
conformational switching from the lower free energy form to higher
free energy form comes from the ligand binding energy.

Within this general framework, it is to some extent a matter of
perspective as to whether one considers two effective states, P and P,
each with a certain conformational entropy, or subdivides these states
into an ensemble of structures. Which viewpoint is most useful depends
on whether there is a continuous distribution of state energies and
conformations or whether the protein is found to switch between
two (or more) well separated sets of states. High resolution structural
studies of allosteric proteins, such as hemoglobin [22], lac repressor
[7,23], adenylate kinase [24] and aspartamyl trans-carbamylase [25],
reveal discrete structural states corresponding to P and P* or in the
Hb terminology, to T and R respectively, although sub-ensembles of
these states may be quenched or missed in the crystallization process. To
date no intermediate structural states have been identified for the lac
repressor.

More recently, a picture of allostery that is qualitatively different
from the induced fit (IF) model has been introduced: This model has
various names including population shift, conformational selection,
ensemble/landscape shifting, sequestration and tertiary capture
[1,20,26-30]. Here it will be referred to as population selection (PS).
The features of the PS model, and evidence for it in a wide variety of
cases have recently been reviewed in detail [30]. Of specific interest
here, repressor sequestration has been postulated to occur in the
lac operon system in vivo at low inducer concentrations [28]. Here
sequestration refers to spontaneous dissociation of repressor from
DNA with no ligand bound, followed by inducer binding to repressor,
preventing the latter from rebinding DNA.

In brief, in the PS mechanism, the protein must again exist in at least
two forms, one of lower free energy (P) and one of higher free energy
(P*). In the absence of effector the latter, according to Boltzmann's
principle, is present but with lower probability. The effector, when
present, binds P* more tightly, so ‘selecting’ this minor component
out as LP*. The depleted minor component P* is repopulated via ther-
mal re-equilibration, more effector binds to it and so on, until the final
equilibration establishes LP* as the prevalent form.

Examination of the IF and PS models shows that the difference
between them is purely kinetic. In both models, in the absence of the
effector the equilibrium protein is mostly P-form. In the presence of
saturating effector, the equilibrium shifts towards LP*. Kinetically,
in the IF model one goes from L+ P to LP* via LP which then confor-
mationally switches to LP*. In other words, the major flux pathway is:

P—LP—LP*. (InducedFit)

In contrast, in the PS models the major flux pathway is:

P—P*—LP*. (PopulationSelection)

It should be noted that the MWC model, which is an equilibrium
model, is equally consistent with either IF or PS mechanisms or both.
Although there is now abundant evidence that a number of allosteric
proteins and RNA's sample, in detectable amounts, the higher energy
P* state(s) spontaneously at equilibrium in the absence of effector
(for reviews see e.g. [1,30]), this alone does not establish the relative

contributions of IF and PS mechanisms. This depends, via the relative
rate constants, on the non-equilibrium fluxes.

Of course it is possible that significant contributions from both IF and
PS mechanisms occur simultaneously. However, distinguishing which
mechanism dominates in specific cases has proven difficult. Okazaki and
Takada have constructed simplified models of the glutamine-binding
protein in which, through suitable selection of parameters, either the
population selection or induced fit mechanism dominates [29], but with
the lack of suitable kinetic data it is not possible to know which
mechanism is actually used by this protein. While equilibrium data is
usually available, typically there is not enough kinetic data to distinguish
categorically between the IF and PS mechanisms.

The allosteric lac-repressor-operator-inducer genetic switch has
been extensively studied by genetics, mutational analysis, structural,
thermodynamic and kinetic methods. Thus it is one system for which
there is sufficient kinetic data to characterize the kinetics of the
repressor-inducer-operator binding and address the question of
allosteric mechanism. In this work, the relevant rate constants are
used to set up the kinetic equations describing the time dependence of
the concentration of all the bound and unbound species of R, I and O. The
equations are integrated numerically to high precision in order to obtain
the non-equilibrium, time-dependent description of the concentrations.
Knowledge of the time dependence of all the species' concentrations
allows one to compute the flux through any pathway during induction
as a function of inducer concentration. The fluxes are then used to see
whether population selection or induced dissociation or both, describes
the allosteric mechanism and to gain general insight into the lac system
as a genetic switch. Since the downstream events of gene expression
have their own kinetics the kinetic differences between these
mechanisms would affect the overall kinetic behavior of the system.

2. Methods and theory
2.1. Kinetic framework

Native lac repressor is a tetramer formed of a dimer of dimers.
When a single operator site is present, the tetramer acts as a functional
dimer. Structural and thermodynamic studies now typically use the
engineered-dimer form of the repressor, which has nearly identical
thermodynamic behavior, and is easier to work with [6,23]. Here the
repressor will also be treated as a dimer that binds a single operator
and up to two inducer molecules. The repressor (R), inducer (I) and
operator (O) form a system of linked equilibria according to the
scheme given in Fig. 1.

In this scheme Kg_o, Kgi_o and Kgp»_o are the equilibrium constants
for binding of the repressor to the operator with 0, 1 or 2 inducer
molecules bound, respectively. K;_x and K;_go are the equilibrium
constants for binding of inducer to free repressor and binding of
inducer to operator bound repressor, respectively. Here it is assumed
that the binding of the first and second inducer molecules to free R

Kiro Kiro
RO+2l +—— = RIO+ RI,0
{iv) v)
Ke.o { (i) | Kgr.o (iii) Ken.o
R+0+2l— s Ri+0H . RL+O
Kir Kir

Fig. 1. Scheme for the linked binding of inducer (I) to repressor (R) and repressor to
operator DNA (0). Kg_o, Kri_o and Kg»_o are the equilibrium constants for binding of
the repressor to the operator with 0, 1 or 2 inducer molecules bound, respectively. K;_g
and Kj_go are the equilibrium constants for binding of inducer to free repressor and
binding of inducer to operator bound repressor, respectively. Each step is composed of a
forward (association) and backward (dissociation) step characterized by the relevant
second order association rate constant and first order dissociation constant respec-
tively, as given in Table 1.
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occurs with the same affinity. Similarly, binding of the two inducer
molecules to repressor bound to operator (RO) is assumed to occur
with the same affinity. This assumption is reasonable considering
the small degree of cooperativity observed (Hill numbers of 1.2 for
unbound R, and 1.4 for operator bound R [3,8,18]. Also, the latter
slightly higher value is accounted for by coupled inducer binding-DNA
dissociation, rather than direct cooperativity between inducer binding
sites [8].

2.2. Experimental rate constants

The kinetic scheme has seven distinct steps and so is described
by a total of 14 rate constants. There are also several requirements for
thermodynamic consistency and consistency among measured equi-
librium and kinetic data. These were applied as follows to obtain these
14 constants.

1) Equilibrium constants satisfy K=Kk,/kq where k, and kq are the
second order association and first order dissociation rate con-
stants, respectively. Experimental values of any two of these three
constants can be used to obtain k, and kg.

2) The assumption of identical binding constants for the 1st and 2nd

inducers to repressor is assumed to apply also to the kinetics, i.e.

steps (iv) and (v) have identical rate constants, as do steps (vi) and

(vii). This reduces the number of independent kinetic constants to

10.

Closure of the thermodynamic cycles in Fig. 1 requires that a)

Kr-0/Kri2-0 = (KI-R/Kl-Ro)2 and b) Kr-o/Kri-o = Ki_r/Ki_ro. This

reduces the number of independent rate constants from 10 to 8.

The two closure relations imply a third, dependent relation,

namely Kg_o/Kri—o = v (Kr_o/Kri2_0). The ratio of inducer binding

constants to the induced form of repressor, i.e. R, and the repres-

sing form, i.e. RO has been determined in vitro [4] and in vivo [8]

with a range of Ki_r/Ki_ro=15-33, leading to a Kg_o/Krp2_o ratio in

the range 225-1089. We choose a round number ‘mid-range’ value
of Kr_o/Kri_o = 500, and so K;_g/Ki_ro=v500=22.4.

4) Dunaway et al. [18] have measured the association rate constants of
inducer to free repressor and operator-bound repressor to be
46x10%M/s and 1x10%M/s respectively. Their values for the
accompanying dissociation rate constants are 0.2/s and 0.8/s
respectively. These yield inducer dissociation equilibrium constants
of 44uM and 80uM (K,=2.3x10°M and K,=1.25x10%M
respectively) for free and operator bound repressor, respectively.
The former dissociation constant has also been determined
independently in vitro [4] and in vivo [8] with a tight range of
KR'=1/K;_r = 3.9-4 uM. The experimental data for free repressor-
inducer binding are very close to self consistent. However, for the
four kinetic constants involving inducer to be completely consistent

w
-

with Ki_g/Ki_ro = 22.4, we used a slightly lower value of 0.812 x 10%/
M/s for association rate of inducer to operator-bound repressor
(Table 1), giving KR° ~'=98.5 uM (K, = 1.01 x 10%/M).

Association of the lac repressor with the operator has been studied
extensively by equilibrium and kinetic measurements, to the extent
that there are redundant data for certain binding steps. However,
there is some uncertainty in particular values. For example, disso-
ciation constants for free repressor-operator binding vary over two
orders of magnitude depending on length and type of DNA used,
number of operator sites present, salt conditions, repressor oligomer-
ization state, etc. Early studies give values as low as sub-picomolar
[16,17], while more recent studies are in the range of 10 pM to sub-
nM [3,4,6,18]. At the same time, there are no direct kinetic measure-
ments for operator binding to repressor dimer with a single inducer
molecule bound (Step (ii), Fig. 1). Rate constants for repressor-—
operator binding obtained from experiments in the absence of inducer
relate to the R form. Experiments with saturating amounts of inducer
then provide the corresponding rate constants for the RI, form of
repressor. Data at intermediate inducer concentrations would reflect
some mixture of R, RI and RI, species. To address these issues three
different sets of internally consistent rate constants involving oper-
ator binding were used.

22.1. Set 1

We use the value of k¢, o_, ro=2x10°/M/s from Dunaway et al.
[18] and a value of kio_r+0=6x10"%/s from Riggs Bourgeois
and Cohn [14]. This gives KR°=0.3 pM, consistent with earlier equi-
librium measurements [16]. From operator-repressor dissociation
measurements with saturating inducer [17] we have kg0 R,2+Od:
0.2/s. The closure relation (3) above (Kg.o/Krp-o=500) then gives
kri, + 0— r20" =1.33x 10%/M/s. To obtain the operator association and
dissociation rate constants for repressor with one inducer bound, the
geometric means of the corresponding values for free repressor and
two-inducer bound repressor were used, giving k,’%,OHRHO: 0.011/s
and kg + o — rio= 1.63 x 10%/M/s, which automatically satisfies the third
closure requirement Kg_o/Kri-o= v (Kr_o/Kri2_0). Using geometric
means for the RI specie values is equivalent to assuming that the effect
on the various free energy differences is linear in number of inducers
bound.

222. Set 2

We again use the value of k& ;. o . ro =2 x 10%/M/s from Dunaway et
al. [18] along with their measured R-O affinity of K3° =10 pM, which
gives ko r +0=0.02/s. From the closure relation Kg_o/Krp-o= 500,
the RI,-O affinity is 5 nM (K, =2x10%). Assuming that the 500-fold
drop in affinity comes equally from the association and dissociation,
we get kg,o— ri2 + 07 = 0.447/s and kgy, + 0 - rro” = 8.94x 107/M/s. The

Table 1

Rate constants®.
Step Rate constant Set 1 Set 2 Set 3

Kf°=0.3 pM KfF°=10 pM Kf°=0.6 pM

(i) k& 4+ 0 ro 2x10% 2x10% 1.74x10%
(i) ko r+0 6+1x10"4 0.02° 1.15+0.06x1073¢
(iii) kg1, + 0 rizo 1.33x10% 8.94x107¢ 4.54x10%¢
(iii) Kko— ri2+ 0 0.2¢ 0.447¢ 0.15¢
(iv), (v) K&o + 1 rio kfio + 1 R0 8.12x10%¢ 8.12x10%¢ 8.12x10%¢
(iv), (v) Ko - ro + 1 KfiLo — R0+ 1 0.8° 0.8" 0.8°
(vi), (vii) K& i K 1 i, 46x10% 46x10% 46x10%°
(vi), (vii) K R 1 K — Rt 0.2° 0.2° 0.2°
a

Units: dissociation constants in s~ !, association constants in M~ 's ™.
Kinetic data taken from: [18].

Kinetic data taken from: [17].

Kinetic data taken from: [14].

From thermodynamic closure relations.

b
c
d

e
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association and dissociation rate constants for repressor with one
inducer bound were again obtained from the geometric means of the
corresponding values for free repressor and two-inducer bound
repressor.

2.2.3. Set 3

We use the value of k&, o_ ro=1.7x10°/M/s and kffp . r+0=
1.15%x 107 3/s.from Barkley et al. [17], which gives KE°=0.6 pM.
Using Kg_o/Kgi2-0 = 500, the RI,-0 affinity is 0.33 nM (K, = 3.0 x 10°).
Using a value of kg0 ri2 + 0% =0.15/s at 0.1 M inducer [17] we have
kri, + 0 rizo" =4.54 % 108/M/s. The association and dissociation rate
constants for repressor with one inducer bound were again obtained
from the geometric means of the corresponding values for free re-
pressor and two-inducer bound repressor.

The three sets of rate constants are summarized in Table 1. All
of the publications from which data were taken showed mono-
exponential kinetic plots, or stated that kinetic curves were simple
mono-exponentials, implying straightforward first order dissociation
and pseudo-first order association kinetics. Set 1 corresponds to
values consistent with the higher range of measured repressor-
operator affinities. Set 2 corresponds to values consistent with the
lower range of measured repressor-operator affinities. Set 3 is inter-
mediate between these two. Results from the three sets provide a
measure of the sensitivity of the conclusions to experimental uncer-
tainty in rate constants.

2.3. Simulation of rates and fluxes
Using the kinetic scheme of Fig. 1, the rate of change of concen-

trations of the five bound species is given by the first order differential
equations:

0[RO
% = _kfzo—»R+o[RO] + Kz + 0-ro[RI[0] (1)
d
+ Krio—ro+1[RIO] =2k 1, pio[RO](I]
O[RIO
% = —Kgio—ro+1[RIO] + 2Kk 1 1_Rio[ROI[I] + Zkgbo—»RlO-H[RIZO]
—KRio -+ 11,0 [RIOVI] —KRio—ri +0[RIO] + Ky 1 0 rio[RI[O]
(2)
O[RI,0 p
[ai ] = _Zk)dEIZOHRIOJrI[RIZO] + kRIOJrIHRIzO[RIO] [I]_kgIzOﬂRIZ+O[RIZO]
+ Kgt, + 01,0 [RE][0]
3)
O[RI d d
% = —Kiiog+ i[RI + 2Kk 4 g [RIT] + 2kgr, g1 1R @)
d
—kgy + 1=, [ROM] + Kpio—gi + 0[RIO] —kuRH— o—rio[RIJ[O]
O[RI d d
S = —2K s [R] + Ko, RO+ Ko, +olREOL )

- ktauz +0-r,0[RI][0]

The factor of 2 accounts for the two indistinguishable sub-species
of repressor where one inducer is bound to either monomer. The
rates of change for the unbound species are obtained using mass
conservation:

dR] _ (dRO] | RIO] _ BRLO] _ RN . [RL)

ot < a e a? T ar2> ®)
9[0] _ (d[RO] = ORIO] . O[RI,0]

W“(ar =t a?) @)

a _ (9RIO] . ARLO| . ORI . . O[RL]
o= (o T2+ G 2. ®)

Initial conditions were chosen as follows. From the work of Daber
et al. [8], it is known that the in vivo expression level in the absence of
inducer is typically 4% of maximal (i.e. that with no repressor present
in the cell). This implies that the ratio [RO]/[O] is 96/4 =24, so the
initial free repressor concentration was set to [R(t=0)]=24KR°,
using the dissociation constant given in Table 1 for each data set. The
total concentration of operator, [Otot], was set to 0.1 nM, with 4% as O,
and 96% as RO at time zero. The value of 0.1 nM is nominal: since all
the rate equations are linear in the various operator species concen-
trations, for a given initial [RO]/[O] ratio the ratios of fluxes through
different pathways are independent of the chosen value of [Otot].

The initial concentrations of R, O and RO were thus set at
equilibrium for the repressed state in the absence of the inducer.
The initial concentration of inducer was then set to different values
corresponding to a non-equilibrium perturbation. The rate behavior
as the system returns to a new equilibrium in the presence of a given
concentration of inducer then describes the kinetics of induction.
Inducer concentrations were varied from 1 pM to 100 pM, the range
known to cover full induction in vivo [8]. The rate equations were
integrated over time using the Euler method [31] with a time step of
0.1 s until concentration ratios were within 1% of their final equilib-
rium values, as determined from the rate constants in Table 1. With
the parameters in Table 1 this usually required less than 150 s of total
simulation time. Shorter time steps of 0.05 s and 0.01 s gave almost
identical results, indicating that numerical integration errors were
negligible.

Fluxes for each of the seven steps in Fig. 1 as a function of time
were obtained as the difference in the forward and backward rates for
each step. For step (i) for example

Jro—r + 0(t) = Kkoo + oROD] =K + o-ro[R(E[O(E)]- 9)

Analogous equations hold for the other six steps. The total number
of moles that flowed through a given step is the flux integrated over
time, e.g. for step (i):

Nro—r+o0 = J-Om]R0aR+o(f)dt» (10)

The total amount of repressor that is dissociated by inducer is
given by

aN = [R(eo)] + [RI(00)] + [Rly(o0)] ~[R()] "

= Ngo—.g+0 + Nrio—ri+0 + Nrio-ri, +0-

The first equality of Eq. (11) gives the total amount of repressor
dissociated by the inducer using equilibrium quantities, just as in the
MW(C model. This has no information about the path of dissociation.
In the second equality, however, the three flux terms represent the
contributions of the three possible paths of dissociation: (i) spon-
taneous dissociation (no inducer bound), (ii) via single inducer mole-
cule binding and (iii) via binding of two inducer molecules. In terms
of the alternative mechanisms discussed in the introduction, they
are identified with the three paths as follows. Dissociation without
inducer, (followed by inducer binding) by definition corresponds to
the repressor sequestration mechanism of Choi et al. [28]. It is also
identified here with the population shift or tertiary capture mecha-
nism. The essence of this mechanism is that the protein spontaneously
undergoes an energetically unfavorable transition to a low probability
state, then this state is bound by the ligand. Here the uphill transition
is coming off the operator, since the initial equilibrium is well towards
[RO].
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To go through pathways ii) or iii) I must bind R before dissociation
of the latter from O. However, there are two kinetically indistinguish-
able variants: 1) I binds to RO, followed by a conformational change in
R to the high I affinity/low O-affinity form, followed by dissociation
from O. 2) R changes to the high I affinity/low O-affinity form without
dissociation from O and before I binds, then I binding and dissociation
occur. Strictly speaking, only the first is induced fit. A more accurate
term for both is induced dissociation (ID), which will be used hereon
to describe repressor dissociation following binding of one or two
inducer molecules.

With these definitions, the relative size of (Ngio — ri + 0 + Nri,o — riz + 0)
vS. Nro—r+o quantifies the contribution of the induced dissocia-
tion mechanism vs. the population selection/repressor sequestration
mechanism. The amount of released repressor, dN defines the amount
of induction. The amount of induction can be expressed as a percent-
age of the maximum amount of repressor that could be bound, namely
100*dN/[O¢otal]-

3. Results

In Fig. 2, representative plots of flux vs. time are shown for kinetic
parameter set 1. Panel (a) shows the flux through the three possible
repressor dissociation pathways i-iii of Fig. 1, for an inducer concen-
tration of 1 pM, well below the mid-point of the induction curve.
Fluxes through all three pathways rise rapidly as inducer binds to
both free and bound repressor, and gradually die away after ~200 s as
the new equilibrium is established. Flux through the RIO—RI+ 0O
dissociation pathway (ii) dominates for a very short initial time,
followed by the direct dissociation pathway RO—R+0 (i) as free
repressor is converted to RI and RI,. Panel (b) shows the correspond-
ing fluxes for an inducer concentration of 100 pM, near the mid-point
of the induction curve. Here the overall time course of re-equilibration
is about 10-fold faster. Flux through the RO — RI; + O pathway (iii)
rises rapidly and dominates throughout, with a small contribution
from RIO — RI+ O, and almost no contribution from direct dissocia-

a
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Fig. 2. Time course of fluxes for direct dissociation (no inducer bound) RO— R + O (0), via
single inducer binding RIO — RI+ O (1) and via double inducer binding RI,O0 — Rl 4+ 0 (2).
(2) [1=1pM. (b) [1] =100 uM.

tion RO— R+ 0. Assuming that expression is proportional to the
fraction of free operator the predicted expression level, obtained from
the final equilibrium concentrations, is

e(I) = 100[0] / ([0] + [RO] + [RIO] + [R,0]) (12)

expressed as a percentage of maximal possible expression. For the
conditions of Fig. 2a and b, the calculated expression levels at [[] =1 uM
and [I] =100 uM are 5%, and 47% respectively. Given a background level
of 4% expression, these values correspond to induction levels of 1% and
43% respectively, obtained from either of the equivalent relationships
e(I) —e(0) or 100 dN/[O¢otai-

Fig. 3 compares expression levels calculated from Eq. (12) using
purely kinetic data from sets 1 and 3 and [I]=1-1000 uM, with
expression levels measured in vivo by Daber et al. [8]. Experimental
expression levels were measured by intensity of fluorescence of green
fluorescence protein under control of the lac operon, and normalized
to maximal expression (fluorescence intensity from an E. coli strain
with no repressor gene), and correspond to equilibrium conditions.
Experimental expression levels do not derive from any of the kinetic
or equilibrium constants used in Table 1. Calculated values from the
two parameter sets bracket the experimental data. Considering that
the experimental expression data is obtained by direct readout of
expression in vivo, while the calculated values are obtained from
kinetic parameters obtained from a range of in vitro studies over many
years, the agreement is very good. The agreement provides evidence
for the consistency and reliability of the kinetic parameters used here,
and hence also for the conclusions about lac repressor kinetics to be
drawn from them.

From the flux time courses, the integrated flux values for the three
dissociation pathways were obtained using Eq. (10). These are plotted
in Fig. 4 against the amount of induction, i.e. the normalized amount of
repressor released from the operator. For parameter set 1, the initial
induction is primarily via direct dissociation of repressor followed by
sequestration of free repressor by inducer. At rising levels of induction,
induced dissociation via binding of a single inducer molecule exceeds
spontaneous dissociation. At induction levels of 10% and greater,
induced dissociation via binding of two inducer molecules increasingly
dominates. This occurs because of rapid formation of RI,O at higher
concentrations of inducer. Concomitantly, the absolute amount of
repressor that dissociates spontaneously decreases, because this
relatively slow pathway is unaffected by inducer concentration, and it
is out-competed by pathway (iii), and to a lesser extent, by pathway
(ii). For parameter sets 2 and 3 the qualitative picture is the same: the
small amount of induction at lower inducer concentration has sig-
nificant contribution from spontaneous dissociation, but the absolute
amount is never large, and it becomes unimportant at higher levels of
induction.

The largest area of uncertainty in this analysis is in the repressor-
operator affinity. Parameter sets 1, 3 and parameter set 2 correspond

80

60

% Expression

1 10 100 1000
Inducer (uM)

Fig. 3. Induction curve for expression from in vivo measurements of Daber et al. [8] (H).
Calculated at equilibrium using kinetic parameter set 1 () and set 3 (—).
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Fig. 4. Total pathway fluxes for direct dissociation (no inducer bound) (0), via single
inducer binding RIO — RI+ O (1) and via double inducer binding RI,0 - RI, + 0 (2) asa
function of the total amount of induction produced by increasing levels of inducer. (a)
Parameter set 1. (b) Parameter set 2. (¢) Parameter set 3.

to the higher and lower ranges of affinities measured in vitro,
respectively. For the lower affinity set, spontaneous dissociation of
repressor makes a larger contribution throughout induction. This
is because the lower affinity binding is due to a faster off rate for
repressor binding (Table 1). Fig. 5 summarizes the relative importance
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et 3 [ 2uM 56t 3 /w1 00ul

Fig. 5. Relative contributions of induced dissociation (shaded) and population selection
(solid) to repressor dissociation sufficient to double background expression or produce
half-maximal expression for the three kinetic parameter sets.

of the PS and ID mechanisms for the three parameter sets. The figure
shows the relative contributions from the two mechanisms at two
inducer levels: i) a low level of inducer sufficient to double the
amount of expression over background, i.e. to 8%. ii) A ‘mid-point’
level of inducer sufficient for 50% expression. The value of [I] needed
to achieve these expression levels varies slightly between parameter
sets. The three parameter sets tell the same qualitative story. There is
significant contribution from population selection at the lower level of
expression, up to 64% for the lower affinity data set, but this mecha-
nism is minor by the time the induction midpoint is reached.

4. Discussion

Using available kinetic and equilibrium data for the lac repressor—
operator-inducer system, a detailed study of the kinetics of induction
was performed in order to examine the relative importance of the
induced dissociation and population selection mechanisms for
induction. To account for the uncertainty in experimental data,
principally in the repressor-operator affinity, three self consistent
parameter sets were examined spanning a range of experimental
data. Precise kinetic behavior could be obtained by straightforward
integration of the first and second order rate equations for the kinetic
scheme of Fig. 1 using each of the parameter sets. The relative
contributions of population selection and induced dissociation were
obtained by finding the total flux through the RO — R + O dissociation
pathway vs. the RO — RIO — RI,0, RIO — RI 4+ O/RI,0 — RI, + O path-
ways. For all the parameter sets, population selection was only
important at low levels of induction (<20%). This is consistent with
the inference of repressor sequestration by Choi et al., who studied
bursts of expression from the lac operon in single cells at low inducer
concentration [28]. However, even under these conditions inducer
binding/induced dissociation is likely to be at least as important, since
this is seen for all three parameter sets, even at micro-molar inducer
(Fig. 5). At higher levels of inducer the induced dissociation mecha-
nism dominates.

Insight into the overall qualitative features of the kinetics can be
obtained by looking at the time constants for the key steps in
dissociation of repressor: direct: RO— R+ 0, and via inducer binding:
RO — RIO — RI,0 followed by RI;0— RI + O. The time constants for
dissociations are given by T=1/kY, where k9 is the appropriate first
order dissociation constant from Table 1. These are invariant. The time
constants for association are given by the appropriate 7= 1/([I]k?),
and these are inversely proportional to inducer concentration. These
time constants are summarized in Table 2 for [[]=1uM and [I]=
100 uM. Very high affinity repressor operator binding is characterized
by long time constant for direct dissociation. This is typically an order
of magnitude longer than for the other key steps even at low inducer

Table 2
Key time constants (s)*.
Set 1 Set 2 Set 3

Dissociation
RO—-R+0 1666 50 870
RL,O—-RI,+0 5 2 7
Rl,—RI-R 5 5 5
RI,0— RIO — RO 1 1 1
Association
R+0—RO" 69 2 36
RI, + 0 — RI,0" 104 47 139
R—RI-RI, ([I]=1pM) 20 20 20
R— RI—RI, ([I]= 100 uM) 0.2 0.2 0.2
RO — RIO— RI,0 ([I]=1 uM) 112 112 112
RO — RIO— RL,0 ([I] =100 uM) 1 1 1

@ Times >1 s rounded to nearest second.
b Time constant of pseudo first order rate for repressor binding to operator at initial
free repressor concentration of 24KR°.
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concentration. At higher inducer concentrations the ratio of time
constants is even greater. Thus direct dissociation will be out-
competed under most conditions. For lesser, but still high affinity
repressor operator binding, exemplified by parameter set 2, the key
time constants are of the same order of magnitude at low inducer
concentration, which is reflected in the fact that both PS and ID
mechanisms contribute significantly here. At higher inducer con-
centrations, where induction is sizable, the ID mechanism still
dominates. The PS mechanism contributes a fraction. This is due to
the accelerating effect of inducer on the initially slow step: binding of
inducer to the bound repressor.

It should also be noted that on a molecular time scale the time
constants in Table 2 are long. The shortest are 0.2 s, most are seconds or
longer. These time scales are comparable to those required to fold an
entire protein [32]. So it is reasonable to assume that the allosteric
conformational change undergone by lac, either spontaneously, or in
response to (un)binding of O or I is fast compared to the association/
dissociation event. Thus the PS pathway is some composite of disso-
ciation and conformational change, but in any case it consists of the
spontaneous transition of the repressor to a higher energy state before
capture by the inducer.

There is one caveat to the present analysis, however. The data used
here comes from the use of the gratuitous inducer, IPTG, used in the
vast majority of studies of the lac repressor, not the natural inducer
allolactose. So the specific amount of ID vs. PS mechanism found here
applies to IPTG induction, whether in vitro or in vivo. The relative
importance of ID and PS mechanisms might differ for allolactose if its
association/dissociation constants are greatly different. However, as
long as direct dissociation of repressor has a time constant ~10s
or longer, and the other rate constants are similar to within an order
of magnitude, and given that the PS mechanism contributes a frac-
tion here, the ID mechanism would probably still dominate at high
allolactose levels.

Finally, it is interesting to note that the lac repressor is constitu-
tively leaky, i.e. that there is a low but significant level of expression in
the absence of inducer [33]. This is functionally important in vivo for the
bacteria, since the natural inducer allolactose is produced by the same
enzymes controlled by the repressor. Over-tight repression effectively
would result in a one way allosteric genetic switch. The leakiness occurs
due to spontaneous dissociation of the repressor, so the system is pre-
disposed, as it were, to allow capture of the unbound repressor when
inducer does appear. In this regard it is not surprising in retrospect that
there is significant induction via the PS mechanism at low inducer
levels. One might anticipate that in other allosteric systems where the
ligand-free equilibrium is further over to the P form, the PS contribution
is smaller. One cannot, however, predict a priori the relative importance
of this mechanism, nor the dominance of the ID mechanism at high
ligand concentration, without a kinetic analysis of all the relevant steps
such as that presented here.
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